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It was ﬁrst pointed out by Press and Teukolsky that a system composed of a spinning Kerr black hole 
surrounded by a reﬂecting mirror may develop instabilities. The physical mechanism responsible for the 
development of these exponentially growing instabilities is the superradiant ampliﬁcation of bosonic 
ﬁelds conﬁned between the black hole and the mirror. A remarkable feature of this composed black-
hole–mirror-ﬁeld system is the existence of a critical mirror radius, rstatm , which supports stationary
(marginally-stable) ﬁeld conﬁgurations. This critical (‘stationary’) mirror radius marks the boundary 
between stable and unstable black-hole–mirror-ﬁeld conﬁgurations: composed systems whose conﬁning 
mirror is situated in the region rm < rstatm are stable (that is, all modes of the conﬁned ﬁeld decay in 
time), whereas composed systems whose conﬁning mirror is situated in the region rm > rstatm are unstable 
(that is, there are conﬁned ﬁeld modes which grow exponentially over time). In the present paper we 
explore this critical (marginally-stable) boundary between stable and explosive black-hole–mirror-ﬁeld 
conﬁgurations. It is shown that the innermost (smallest) radius of the conﬁning mirror which allows the 
extraction of rotational energy from a spinning Kerr black hole approaches the black-hole horizon radius 
in the extremal limit of rapidly-rotating black holes. We ﬁnd, in particular, that this critical mirror radius 
(which marks the onset of superradiant instabilities in the composed system) scales linearly with the 
black-hole temperature.
© 2014 The Author. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/3.0/). Funded by SCOAP3.1. Introduction
One of the most intriguing phenomena in black-hole physics 
is the superradiant scattering of bosonic ﬁelds by spinning black 
holes: it was ﬁrst pointed out by Zel’dovich [1] that a co-rotating 
integer-spin wave ﬁeld of frequency ω interacting with a spinning 
Kerr black hole (BH) can be ampliﬁed (gain energy) if the com-
posed system is in the superradiant regime [2]
ω < ωc ≡mΩH. (1)
Here m is the azimuthal harmonic index of the incident wave ﬁeld, 
and
ΩH = a
r2+ + a2
(2)
is the angular velocity of the spinning Kerr BH [3]. The ampliﬁca-
tion of the scattered bosonic ﬁelds in the superradiant regime (1)
* Correspondence to: The Hadassah Institute, Jerusalem 91010, Israel.http://dx.doi.org/10.1016/j.physletb.2014.07.049
0370-2693/© 2014 The Author. Published by Elsevier B.V. This is an open access article 
SCOAP3.is accompanied by a decrease in the rotational energy and angular 
momentum of the central spinning BH.
Soon after Zel’dovich’s discovery [1] of the superradiance phe-
nomenon in BH physics, it was realized by Press and Teukolsky [4]
that the coupled BH–ﬁeld system may develop exponentially grow-
ing instabilities. This unstable system, known as the black-hole 
bomb, is composed of three ingredients [4]: (1) a spinning BH 
whose rotational energy serves as the energy source of the com-
posed system, (2) a co-rotating bosonic cloud which orbits the 
central BH and interacts with it to extract its rotational energy, 
and (3) a reﬂecting mirror which surrounds the central BH and 
prevents the ampliﬁed bosonic ﬁeld from radiating its energy to 
inﬁnity.
A remarkable feature of this composed physical system is the 
existence, for each given set (a¯, l, m) of the BH and ﬁeld param-
eters [5], of a critical (minimum) mirror radius which marks the 
boundary between stable and unstable BH–mirror-ﬁeld conﬁgu-
rations. The critical (‘stationary’ [6]) mirror radius, rstatm (a¯, l, m), 
corresponds to stationary conﬁned ﬁeld conﬁgurations which are 
characterized by the critical superradiant frequency (1).under the CC BY license (http://creativecommons.org/licenses/by/3.0/). Funded by 
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important work by Cardoso et al. [7–9]. In particular, it was shown 
in [7] that, for a given set of parameters (a¯, l, m), BH–mirror-ﬁeld 
systems whose mirror radii lie in the regime rm < rstatm (a¯, l, m) are 
stable (the conﬁned scalar mode decays in time) whereas BH–
mirror-ﬁeld systems whose mirror radii lie in the regime rm >
rstatm (a¯, l, m) are unstable (the conﬁned scalar mode grows expo-
nentially over time).
The numerical results presented in [7] indicate that the critical 
(‘stationary’ [6]) mirror radius, rstatm (a¯, l, m), has the following three 
important features:
• For a conﬁned ﬁeld mode of given harmonic indexes (l, m), the 
stationary mirror radius is a decreasing function of the BH an-
gular momentum a¯. In other words, rapidly-rotating Kerr BHs 
are characterized by stationary mirror radii which are smaller 
(closer to the BH horizon) than the corresponding stationary 
mirror radii of slowly-rotating BHs.
• For a given value of the spheroidal harmonic index l of the 
conﬁned ﬁeld, the stationary mirror radius decreases with 
increasing values of the azimuthal harmonic index m. The 
equatorial m = l mode is therefore characterized by the inner-
most (smallest) stationary mirror radius among conﬁned ﬁeld 
modes which share the same spheroidal harmonic index l.
• For conﬁned equatorial m = l modes, the stationary mirror 
radius decreases with increasing values of the spheroidal har-
monic index l.
From these characteristics of the stationary mirror radius, one 
concludes that the asymptotic radius
r∗m ≡ rstatm (a¯ → 1, l =m → ∞) (3)
provides the innermost location of the conﬁning mirror. The phys-
ical signiﬁcance of this critical mirror radius, r∗m, lies in the fact 
that this is the innermost (smallest) radius of the conﬁning mir-
ror which allows the extraction of rotational energy from spinning 
Kerr BHs. Below we shall explore the physical properties of this 
critical mirror radius.
Cardoso et al. [7] also provided an analytic treatment of the 
BH–mirror-ﬁeld system in the small frequency regime aω  1. 
Substituting the critical (marginal) superradiant frequency ωc =
mΩH [see Eq. (1)] into Eq. (30) of [7], one ﬁnds that the stationary 
mirror radius rstatm (a¯, l, m) is given as a solution of the characteristic 
equation
Jl+1/2
(
mΩHr
stat
m
)= 0, (4)
where J l+1/2(x) is the Bessel function. It should be emphasized 
that the characteristic equation (4) for the ‘stationary’ (critical) 
radii of the mirror is valid in the regime aω  1 considered in [7]. 
Thus, the characteristic equation (4) can only determine the sta-
tionary mirror radii of slowly-rotating BHs in the regime ma¯  1.
One of the goals of the present study is to obtain an anal-
ogous characteristic equation for the stationary mirror radii of 
rapidly-rotating (a¯  1) BHs. As discussed above, the numerical re-
sults presented in [7] indicate that these near-extremal BHs are 
characterized by stationary mirror radii which are closer to the 
BH horizon than the corresponding stationary mirror radii (4) of 
slowly-rotating BHs. Below we shall conﬁrm this expectation ana-
lytically.
In addition, as we shall show below, our characteristic equation 
for the critical (‘stationary’ [6]) mirror radii of rapidly-rotating BHs 
[see Eq. (10) below] is valid for arbitrarily large values of the har-
monic indexes (l, m) of the conﬁned ﬁeld [10]. This fact will allow us to address the following interesting question regarding the na-
ture of this critical mirror radius: what is the asymptotic behavior 
of the stationary mirror radius in the eikonal l  1 limit?
As discussed above, the asymptotic mirror radius, r∗m ≡ rstatm (a¯ →
1, l = m → ∞), corresponds to the innermost location of the con-
ﬁning mirror which allows the extraction of rotational energy from 
spinning Kerr BHs. In addition, for generic conﬁned ﬁeld con-
ﬁgurations [11], this critical mirror radius marks the boundary 
between stable and explosive BH–mirror-ﬁeld conﬁgurations. One 
of the goals of the present study is to determine this fundamental 
(asymptotic) mirror radius r∗m.
2. Description of the system
The explored physical system is composed of a spinning Kerr 
black hole of mass M and angular momentum Ma linearly coupled 
to a massless scalar ﬁeld Ψ . The radii of the BH (event and inner) 
horizons are given by: r± = M ± (M2 − a2)1/2.
As discussed above, the critical (‘stationary’ [6]) mirror radius 
which characterizes the composed BH–mirror-ﬁeld system is a de-
creasing function of the BH rotation parameter a¯. Thus, rapidly-
rotating black holes are expected to be characterized by the small-
est (innermost) stationary mirror radii. In the present study we 
shall analyze the physical properties of the BH–mirror-ﬁeld sys-
tem in this physically interesting regime of rapidly-rotating Kerr 
BHs with
a¯  1. (5)
The dynamics of the scalar ﬁeld Ψ in the curved geometry is 
determined by the Klein–Gordon wave equation ∇a∇aΨ = 0. It 
is convenient to decompose the scalar ﬁeld Ψ in the form [12,
13] Ψ = ∑l,m eimφ Slm(θ; aω)Rlm(r; a, ω)e−iωt . The angular func-
tions Slm(θ; aω) are known as the spheroidal harmonic functions 
[14,15]. Regular angular eigenfunctions exist for a discrete set 
{Alm(aω)} of angular eigenvalues which are labeled by the two in-
tegers m and l ≥ |m| [16,17]. Following [7,9] we shall assume that 
the radial eigenfunction vanishes at the location rm of the conﬁn-
ing mirror:
R(r = rm) = 0. (6)
3. Marginally stable black-hole–mirror-ﬁeld conﬁgurations
We shall now analyze the stationary (ω = 0) resonances 
of the composed system. As discussed above, these stationary 
(marginally-stable) BH–mirror-ﬁeld conﬁgurations are character-
ized by the critical frequency (1) for superradiant scattering in the 
BH spacetime. In particular, in this section we shall ﬁnd the dis-
crete set of mirror radii, {rstatm (a¯, l, m; n)}, which support stationary 
conﬁned ﬁeld conﬁgurations. (Here n = 1, 2, 3, . . . is the resonance 
parameter.)
We consider a rapidly-rotating Kerr BH [18] surrounded by a re-
ﬂecting mirror which is placed in the vicinity of the BH horizon. 
In particular, we shall assume the following inequalities:
τ  1 and xm  1, (7)
where
τ ≡ 8πMTBH = r+ − r−
r+
; x ≡ r − r+
r+
. (8)
The physical [19] radial solution in the near-horizon region 
x  1 corresponding to the critical (marginally-stable) superradi-
ant frequency (1) is given by [14,17] R(x) = ( x +1)−ik 2 F1( 1 − ik +τ 2
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Stationary resonances of the composed BH–mirror-ﬁeld system. We display the dimensionless mirror radii, xstatm (m; n)/τ , corresponding to stationary conﬁned modes. The 
data presented is for the equatorial l =m modes, the modes with the smallest (innermost) stationary mirror radii. Also shown are the corresponding values of the angular 
eigenvalues δ [see Eq. (9)]. One ﬁnds that the critical (stationary) radius of the mirror, xstatm (m; n), is a decreasing function of the azimuthal harmonic index m.
l =m δ xstatm (n = 1)/τ xstatm (n = 2)/τ xstatm (n = 3)/τ xstatm (n = 4)/τ
2 0.945 91.79 2610.95 72601.28 2017165.8
3 1.937 10.99 62.43 322.69 1640.27
4 2.849 5.23 18.85 59.77 183.00
5 3.739 3.45 9.95 24.93 59.59
Table 2
Stationary resonances of the composed BH–mirror-ﬁeld system. We display the dimensionless mirror radii, xstatm (m; n = 1)/τ , corresponding to stationary conﬁned modes 
in the asymptotic l = m  1 regime. One ﬁnds that the critical (stationary) radius of the mirror, xstatm (m; n = 1), decreases monotonically to an asymptotic ﬁnite value [see 
Eq. (16)] in the eikonal l  1 limit.
l =m 25 50 75 100 125 150 175 200
xstatm (m;n = 1)/τ 0.75 0.55 0.49 0.46 0.44 0.43 0.42 0.41iδ, 12 − ik − iδ; 1; −x/τ ), where 2F1(a, b; c; z) is the hypergeometric 
function [17], and
δ2 ≡ −a2ω2 + 2maω − A + k2 − 1
4
; k ≡ 2ωr+. (9)
We shall henceforth consider the case of real δ [20,21]. The mirror-
like boundary condition R(x = xstatm ) = 0 [see Eq. (6)] now reads
2F1
(
1/2− ik + iδ,1/2− ik − iδ;1;−xstatm /τ
)= 0. (10)
It is worth emphasizing that the newly derived resonance con-
dition (10) for the critical (‘stationary’ [6]) mirror radii of the 
system is valid for conﬁning mirrors which are placed in the near-
horizon region xm  1. [Below we shall see that this near-horizon 
condition implies that the stationary mirror radii obtained from 
(10) are valid in the regime of rapidly-rotating BHs with τ  1]. 
On the other hand, the resonance condition (4) [7] for the station-
ary mirror radii is valid in the complementary regime xm  1, or 
equivalently in the regime of slowly-rotating BHs with ma¯  1.
One important conclusion which can immediately be drawn 
from the resonance condition (10) is the fact that, for rapidly-
rotating BHs, the critical mirror radius scales linearly with the BH 
temperature [22]:
xstatm ∝ τ . (11)
This implies that the stationary mirror radius xstatm is a decreasing 
function of the BH rotation parameter a¯ (an increasing function of 
the BH dimensionless temperature τ ).
For small and moderate values of the ﬁeld harmonic indexes 
(l, m), the stationary mirror radii xstatm (a¯, l, m; n) are characterized 
by the relation (see Table 1)
xstatm /τ  1, (12)
in which case the resonance condition (10) can be solved ana-
lytically. In the regime (12) one can use the large-z asymptotic 
behavior of the hypergeometric function 2F1(a, b; c; z) [17] to ap-
proximate the resonance condition (10) by

(2iδ)

(1/2− ik + iδ)
(1/2+ ik + iδ)
(
xstatm
τ
)iδ
+ 
(−2iδ)

(1/2− ik − iδ)
(1/2+ ik − iδ)
(
xstatm
τ
)−iδ
= 0. (13)
This yields [23]
xstatm (n) = τ ×
[

(−2iδ)
(1/2+ ik + iδ)
(1/2− ik + iδ)

(2iδ)
(1/2− ik − iδ)
(1/2+ ik − iδ)
]1/2iδ
× eπ(2n−1)/2δ (14)for the discrete set {xstatm (a¯, l, m; n)} of stationary [6] mirror radii, 
where n = 1, 2, 3, . . . is the resonance parameter of the mode.
In Table 1 we display the discrete set of mirror radii, {xstatm (l =
m; n)/τ }, corresponding to composed BH–mirror conﬁgurations 
with stationary conﬁned equatorial (l = m) ﬁeld modes [24,25]. 
The data presented in Table 1 correspond to a direct numerical 
solution [26] of the characteristic resonance condition (10). It is 
worth recalling that, for a conﬁned pure ﬁeld (that is, a conﬁned 
mode characterized by a given value of the azimuthal harmonic 
index m), the smallest stationary mirror radius, xstatm (a¯, m; n = 1), 
marks the boundary between stable and unstable BH–mirror-ﬁeld 
conﬁgurations for that particular pure mode.
From Table 1 one learns that the stationary mirror radius, 
xstatm (a¯, m; n = 1), is a decreasing function of the azimuthal har-
monic index m. This is a generic feature of the composed BH–
mirror-ﬁeld system: in Table 2 we display the values of the sta-
tionary mirror radii in the asymptotic m  1 regime [27,28]. One 
ﬁnds that the data presented in Table 2 is described extremely well 
by the simple asymptotic formula:
xstatm (a¯ → 1, l =m  1)
τ
 α + β
m
+ O(m−2)
with α  0.36; β  10.5. (15)
What we ﬁnd most interesting is the fact that the coeﬃcient 
α in (15) has a ﬁnite asymptotic value. This fact suggests that the 
composed Kerr-BH–mirror-ﬁeld system is characterized by a ﬁnite
asymptotic limit of the critical (‘stationary’) mirror radius:
x∗m
τ
 0.36, (16)
where x∗m ≡ xstatm (a¯ → 1, l =m → ∞) [see Eq. (3)].
In order to support our ﬁndings, according to which the com-
posed Kerr-BH–mirror-ﬁeld system is characterized by a ﬁnite
asymptotic value of the critical mirror radius, we shall prove in 
the next section that composed systems whose mirror radii lie in 
the regime xm/τ  1 cannot support stationary conﬁned ﬁeld con-
ﬁgurations.
4. No stationary conﬁned ﬁeld conﬁgurations in the regime 
xm/τ  1
We have seen that the (scaled) critical mirror radius, xstatm (m)/τ , 
decreases monotonically with increasing values of the azimuthal 
harmonic index m. This fact naturally gives rise to the following 
question: Can the ratio xstatm (m)/τ be made arbitrarily small in the 
asymptotic eikonal regime m → ∞? One can also formulate this 
question in a more practical form: Is it possible to extract the BH 
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its horizon [29]?
Our analysis in Section 3 provides compelling evidence that the 
answer to the above questions is “no”. In particular, our results 
suggest that the Kerr-BH–mirror-ﬁeld system is characterized by 
a ﬁnite asymptotic value of the critical (‘stationary’ [6]) mirror ra-
dius: xstatm (m  1)/τ = O (1) [see Eq. (16)]. In order to support this 
ﬁnding, we shall prove in this section that composed BH–mirror 
systems whose mirror radii lie in the regime xm/τ  1 cannot 
support stationary conﬁned ﬁeld conﬁgurations [30].
To that end, it proves useful to write the radial Teukolsky equa-
tion in the form of a Schrödinger-like wave equation [31]:
d2ψ
dy2
+ Vψ = 0, (17)
where ψ = (r2 + a2)1/2R and the “tortoise” radial coordinate y is 
deﬁned by dy = [(r2 + a2)/Δ]dr. The potential V in Eq. (17) is 
given by [31]
V = K
2 − Δλ
(r2 + a2)2 − G
2 − dG
dy
, (18)
where G ≡ rΔ/(r2 + a2)2 and λ ≡ k2 − 14 − δ2. In the eikonal 
regime, l, m  1, one can use the relation [28]
δ = l ×
√
−1+ 15
8
μ2 − 1
8
μ4 + O (1); μ ≡ m
l
, (19)
in order to ﬁnd λ = l2(1 − 78μ2 + 18μ4). One therefore concludes 
that
λ > 0 (20)
for all values of the dimensionless ratio μ (note that μ ≤ 1).
In the near-horizon x  τ region one ﬁnds
y  r
2+ + a2
r+ − r− ln
(
r − r+
r+ − r−
)
= 2M
τ
ln
(
x
τ
)
, (21)
which implies Δ  (r+ − r−)2eτ y/2M and
V (y)  (ω −mΩH)2 − VHeτ y/2M;
VH ≡
(
τ
2M
)2(
λ + τ r+
2M
)
. (22)
From Eqs. (17) and (22) one obtains the radial wave equation
d2ψ
dy2
− VHeτ y/2Mψ = 0 (23)
for stationary ﬁeld conﬁgurations (with ω = mΩH). Using Eq. 
(9.1.54) of [17], one ﬁnds that the physical solution to the radial 
equation (23) is described by the Bessel function of the ﬁrst kind:
ψ(x) = J0
(
2i
√(
λ + τ r+
2M
)
x
τ
)
. (24)
Taking cognizance of Eq. (20), one ﬁnds that the argument of 
the Bessel function in (24) is purely imaginary. It is well known 
that the Bessel function J0(ix) with x ∈ R has no zeroes [that is, 
ψ(xm) = 0 for xm ∈ R]. One therefore concludes that stationary 
solutions (with ω = mΩH) of the wave ﬁeld are not compatible 
with the mirror-like boundary condition (6) for conﬁning mirrors 
in the region xm  τ .
The proof presented in this section supports our previous con-
clusion that, the composed Kerr-BH–mirror-ﬁeld system is charac-
terized by a ﬁnite asymptotic value [see Eq. (16)] of the dimension-
less ratio x∗m/τ , where x∗m is the critical mirror radius.5. Summary and discussion
In this paper, we have used analytical tools in order to study 
the stationary (marginally-stable) resonances of the composed BH–
mirror-ﬁeld system. These resonances are fundamental to the 
physics of conﬁned bosonic ﬁelds in BH spacetimes. In particu-
lar, these resonances mark the onset of superradiant instabilities 
in the BH bomb mechanism of Press and Teukolsky [4].
We have derived the characteristic resonance condition (10) for 
the marginally-stable (stationary) BH–mirror-ﬁeld conﬁgurations. 
In particular, it was shown that, for rapidly-rotating BHs, the sta-
tionary resonances of the system are described by the simple ze-
roes of the hypergeometric function.
The characteristic resonance condition (10) determines the dis-
crete set of mirror radii, {xstatm (a¯, l, m; n)}, which support stationary 
conﬁned ﬁeld conﬁgurations in the BH spacetime. One nice fea-
ture of this resonance condition lies in the fact that it immediately 
reveals that the critical (‘stationary’ [6]) mirror radii scale linearly 
with the BH temperature [22], see Eq. (11). This fact implies that 
xstatm (a¯, l, m; n) is a decreasing function of the BH rotation param-
eter a¯ — the larger the BH spin, the closer to the BH horizon the 
conﬁning mirror can be placed.
It was shown that the stationary mirror radius, xstatm (m), de-
creases monotonically with increasing values of the azimuthal har-
monic index m of the conﬁned ﬁeld mode. In particular, our results 
provide compelling evidence that the composed Kerr-BH–mirror-
ﬁeld system is characterized by a ﬁnite asymptotic value of the 
critical mirror radius: xstatm (m  1)/τ  0.36 [32].
The physical signiﬁcance of the asymptotic stationary mirror ra-
dius, x∗m ≡ xstatm (a¯ → 1, l = m → ∞), lies in the fact that it is the 
innermost location of the conﬁning mirror which allows the extrac-
tion of rotational energy from spinning BHs. This implies that, for 
generic conﬁned ﬁeld conﬁgurations [11], this critical mirror radius 
marks the onset of superradiant instabilities in the composed sys-
tem: composed BH–mirror-ﬁeld systems whose mirror radii lie in 
the regime xm < x∗m are stable (that is, all modes of the conﬁned 
ﬁeld decay in time), whereas composed BH–mirror-ﬁeld systems 
whose mirror radii lie in the regime xm > x∗m are unstable (that 
is, there are conﬁned ﬁeld modes which grow exponentially over 
time).
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